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The interaction between aerodynamics and structural flexibility in a low Reynolds number 
environment is of considerable interest to biological and micro air vehicles. In this study, coupled 
fluid-structure computations of the Navier-Stokes fluid flow and a flexible airfoil in low Reynolds 
number environments are conducted to probe the aerodynamic implications. While a flexible airfoil 
deforms in response to the aerodynamic loading, it exhibits an equivalent pitching motion, which 
modifies the effective angle of attack, causing noticeable differences in lift and thrust generation. 
Within the range of the flexibility considered, the flow fields are similar in all cases. Even at Re=100, 
in the plunging motion, the force acting on airfoil is dominated by pressure and the viscous force is of 
little impact on the overall lift and thrust generation. Detailed airfoil shape is secondary compared to 





c  chord length 
Cx  horizontal force coefficient 2/(0.5 )xF cU= ρ  
Cy  vertical force coefficient 2/(0.5 )yF cU= ρ  
Fx  horizontal force acting on the airfoil  
Fy  vertical force acting on the airfoil  
f  pitching frequency  
h(t)  instantaneous position of a plunging airfoil 
ha  plunging amplitude 
p  static pressure 
q  load on the beam 
Re  Reynolds number 
T  period of one flapping cycle 
t  time  
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U   freestream reference velocity 
u,v,w  Cartisian velocity components 
x,y,z  Cartesian coordinates 
α  angle of attack 
0α   initial angle of attack 
aα   pitching angle amplitude 
ϕ   phase difference between plunging and pitching motion 
µ  coefficient of viscosity 
ν   kinematic viscosity 
f
ρ   Fluid density (water density =1×103kg/m3) 
sρ   Structural material density  
 
Superscript 




ATELY, with increasing interest in micro air vehicles and even smaller nano air vehicle, numerous 
experimental and numerical research works in the area of aerodynamic force generation by flapping 
flight have been reported, e.g., 1-7.  The aerodynamic forces in flapping flight predicted by classical, steady 
state aerodynamic theories1 have been found to be insufficient to sustain the insect/birds weight. Recent 
progress in experimental and computational capabilities have identified four major mechanisms used by 
insects and birds to generate enhanced lift, namely, Weis-Fogh’s clap-and-fling mechanism2, delayed stall 
phenomenon associated with leading-edge vortices3, fast pitch-up for delayed stall4, and wake-capturing for 
aerodynamics enhancement4. These lift generation mechanisms have been identified first experimentally 
and then confirmed by numerical simulations. For example, Liu and Kawachi5 conducted unsteady Navier-
Stokes simulations of the flow around a hawkmoth’s wing. Their results showed the leading-edge vortex 
and the spanwise flow observed experimentally by van den Berg and Ellington6 and Ellington et al3. Sun 
and Tang7 and Ramamurti and Sandberg8 confirmed the force peaks generated during fast pitch-up of the 
wing at the end of the stroke, and the wake-capturing mechanisms identified experimentally by Dickinson 
et al. 11. Wang et al9 devised a computational model to solve the Navier–Stokes equation in vorticity-stream 
function formulation around a two-dimensional moving airfoil. The computed forces of an airfoil 
undergoing sinusoidal plunging and pitching in a horizontal stroke plane were compared with the three-
dimensional experimental results of Birch and Dickinson11. In the previous efforts, Viieru et al. 10 and Tang 
et al.12 investigated the lift generation mechanism for a two-dimensional elliptic airfoil undergoing two 
different hovering motions, one with the airfoil placed horizontally at the end of each stroke (water treading 
mode13) and the other with the placed vertically (normal hovering9). For a Reynolds number of 100 they 
noticed different force patterns between the two hovering modes suggesting different force generation 
mechanisms. For the normal hovering mode, a small lift peaks were observed at the beginning of the stroke 
after the stroke reversal, indicating the presence of a wake-capturing mechanism. Also, for the normal 
hovering mode as the Reynolds number increases, a distinct asymmetrical force pattern between forward 
and backward stroke is noticed at small flapping amplitude, as well as changes in the flow field structures. 
L
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In the case of the water treading mode, the lift force variation shows a symmetric pattern between forward 
and backward stroke. Shyy et al.14 have offered a detailed review of the current state of the knowledge in 
these aspects. 
In a recent study, Heathcote et al.17,18 investigated the effects of stiffness on thrust generation of an 
airfoil undergoing a plunging motion under various free stream velocities. Direct force measurements 
showed that the thrust/input-power ratio was found to be greater for the flexible airfoils than a rigid airfoil. 
Also they observed that at high plunging frequencies, the medium flexible airfoil generates the largest 
thrust, while the most flexible airfoil generates the most thrust at low frequencies. 
In this paper we investigate the flapping motion in a uniform stream that mimics the forward insect 
flight. Specifically, we investigate the airfoil of varying degrees of flexibility under different Reynolds 
number (9,000 and 100). Specifically, we probe the following questions:  
1. How does the structural flexibility affect the fluid flow around an airfoil undergoing a plunging 
motion? 
2. How does the combined structural flexibility and plunging motion affect the geometry of the 
airfoil and the effective angle attack? 
3. How do the above two aspects affect the aerodynamic outcome, namely, the lift and thrust 
generation? 
4. What roles do the pressure and viscous effects play in affecting a flexible, plunging airfoil’s 
aerodynamic performance? 
The parameters adopted in the present study are relevant, but not identical, to those in the experimental 
work of Heathcote and Gursul18. In this study our main interest is to assess the above issues qualitatively, 
with more detailed quantitative investigations to follow in the near future. To study the effect of the 
flexibility, a finite element model using beam elements is employed. The structural solver is coupled with 
the flow solver by inner iteration at each time step. A pressure-based flow solver, along with a structured 
grid redistribution algorithm, capable of handling large translations and rotations characteristics of deform 
motion, is developed and employed in coupling with the structure solver. The flow-structure coupling is 
realized by inner iteration in each time step.  
 
II. Numerical Algorithm  
 
A. Flow solver 
The fluid dynamics are solved from the incompressible Navier-Stokes equations and the continuity 
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where fρ  is the fluid density, ui is the velocity vector, t is the time, xi is the position vector, p is the 
pressure, and ν  is the kinematic viscosity. 
The flapping kinematics is described as follows. A schematic of the plunging displacement ( )h t  and 
pitching angle ( )α t  for the plunging motion mode are shown in Fig. 1. The plunging and pitching of the 
upward- and downward-strokes in each cycle are the sinusoidal function. The incoming flow is along the 
horizontal direction.  Specifically, the plunging and pitching amplitudes are: 
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where aα is the pitching amplitude, ah is the dimensionless plunging amplitude normalized by the chord 
length c , 0α is the initial positional angle of the airfoil, and φ is the phase difference between the plunging 
and pitching motion. Also, ( ) ( ) /LEh t y t c=  where LEy  is the vertical coordinate of the leading edge of the 
airfoil. In the present investigation, two kinematic patterns are considered, namely, (i) forward flight with 
pure plunging and no pitching, and (ii) forward flight with combined plunging with pitching. 
For forward flight, the freestream velocity (U), the chordlength (c) and the inverse plunging/pitching (1/f) 
frequency are used as the velocity, length and time scales, respectively. Consequently, the Reynolds and 
Strouhal numbers appear, i.e., Re /Uc= ν , and /St fc U= . With these choices of the scaling parameters, 
the non-dimensional form of the Navier-Stokes equations become 
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An additional non-dimensional parameter is introduced following the definition by Heathcote and Gursul18. 
For hovering, since the freestream velocity is zero, the Reynolds number is defined as 2Re /f fc= ν . This 
Reynolds number is a combination of Re  and St  as Re St Ref = ⋅ . 
It is noted that in the literature, the Reynolds number for hovering flight is often defined based on the 




Fig. 1 Illustration of the flapping motion. (i. plunging mode; ii. plunging and pitching mode; iii. 
time history of pitching and plunging motion). 
A pressure-based Navier-Stokes solver on the structured moving grid is employed in this study. The 
flow solver is based on the extension of the original SIMPLE family of algorithms19, with an employment 
of the Cartesian and contravariant velocity variables to facilitate strong conservation law formulations and 
consistent finite volume treatment19,20. The convection terms are discretized using a second-order upwind 
scheme20, while for the pressure and viscous terms a second-order central difference scheme is used. For 
time integration, an implicit second order upwind scheme is employed. To handle the pitching motion and 
deformation of the airfoil, an algebraic grid generating technique is employed at each time step. The 
algebraic grid generator generates a new grid based on the deformed airfoil in each time step with 
affordable extra computing expense. The geometric conservation law (GCL) originally proposed by 
Thomas and Lombard21 was incorporated to consistently compute the cell volume in a moving boundary 
problem and eliminate the artificial mass sources. The specific implementation and implications of the GCL 
in the context of the present solution algorithm have been discussed by Shyy et al22.  
 
B. Structural solver 
To solve for the structural displacements, we propose a 2D finite element method using beam elements. 
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where sρ  is the density of the beam, b  is the beam height, E  is the Young’s modulus, I  is the area 
moment of inertia of the cross section of beam element, and q  is the distributed loading acting in the same 
direction of the displacement y . 









ρ                (5) 
where ( ) denotes again the non-dimensionalized variables. The non-dimensional parameters, density ρ , 
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For a flat plate with thickness b  and unit width, the area moment of inertia is 31/12I b= ⋅ . Then the 
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Since the Young’s modulus E , the densities ,f sρ ρ  and velocity scale U  are considered  to be constant, a 
representative non-dimensional parameter is then the relative to thickness /b c . The coupling procedure in 
each time step for the fluid-structure problem is iterated as following:  
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Fig. 2  Flow chart of the flow-structure coupling procedure. 
(i) Receive the new airfoil  shape from the structure solver (in the first iteration, use previous 
time step airfoil shape) 
(ii) Solve the flow field based on the updated airfoil shape; sub-iteration is used in the flow solver 
before reaching convergent limit. 
(iii) Transfer the load from flow structure solver to the structure solver. 
(iv) Solve the structural deformation by sub-iteration. The iteration is stopped after the 
deformation convergent limit is reached.  
(v) If the difference between present and previous deformation is less than the convergent limit, 
stop iteration. 
In summary, the key dimensionless parameters result from Eqs. (3) and (5) are Re, St, E , and b/c. 
While one can choose to use different time step sizes in the fluid dynamics and structural dynamics 
modules, in the present study, the physical time steps are identical between fluids and structures 
solvers. 
III. Results and Discussion 
Utilizing the computational algorithm introduced above, two cases are investigated.  
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(i) coupled fluid flow and flexible structural dynamics: the fluid flow around  the plate of different 
thickness with tear-drop-shaped leading edge are solved at Reynolds number 9000;  
(ii) fluid flow around an airfoil with prescribed shape change: a flat plate with half cylinders at leading 
and trailing edges are investigated at Reynolds number 100 to probe the mechanism of the thrust generation. 
In the following computation, two grids are utilized corresponding to the airfoil introduced above. The 
two grids are both O-type with 1% thickness relative to the chord length. The grid of the plate with a tear-
drop element at the leading edge (11.1% relative to the chord length) is shown in Fig. 3. The distance from 
the solid wall to the first grid point is 10-4 with outer boundary locating at 16 chord length from the center 
(Fig. 3). The grid size of the flat plate with half cylinders at leading and trailing edges is shown in Fig. 3. 
The distance from the solid wall to the first grid point is 10-3 with outer boundary locating at 16 chord 
length from the center.  
 
Fig. 3  Grid distribution of the flat plates (left: flat plate with a tear-drop element at the leading edge, 
right: flat plate with half cylinders at leading and trailing edges). 
In the following cases, sinusoidal function (Eq. 2) is employed in both plunging and pitching motions in 
the numerical simulation. Pitching motion is synchronized with the plunging motion with a fixed phase lag 
/ 2π . The center of pitching motion is at the leading edge of the airfoils. The parameters used in the 
following are defined by: 
( ) ( ) /LEh t y t c=   Re /Uc= ν   
2Re /f fc= ν   /St fc U=             (8) 
where, ( )LEy t  is the vertical coordinate of the leading edge of the airfoil, the reference velocity is the 
incoming velocity U. Please note that Re / RefSt =  in the present parameters definition. The present flow 
solver coupled with the moving mesh algorithm is validated, in previous studies (Tang, Viieru and Shyy12), 
by comparing the current result for the normal hovering mode at a Reynolds number of 75 with the 
computational results of Wang et al.9 and the experimental results of Birch, Dickson and Dickinson11. The 
results showed a good agreement with the experimentally measurements.  
 















Flow field is investigated at the Re=9000. Non-dimensional material properties are given as: modulus 
of elasticity 2.05×1010, density 7.85. The stiffness varies by changing the thickness of the plate. Three 
plates with relative thickness of b/c=0.56×10-3, b/c=1.41×10-3, b/c=4.23×10-3 are used in present research. 
The airfoil performs plunging motion without pitching ( 0aα = , 0 0=α ). The plunging amplitude is 
0.194ah = , normalized by the chord length c , Strouhal number is 1.4, and = / 2φ π . Differences between 
the leading and trailing edge’s vertical coordinates, together with the position of the leading edge are 
presented in Fig. 4. The results indicate that deformation not only increase with the flexibility of the plate, 
which is obvious, but also creates a phase difference relative to the pitching motion. To characterize the 
deformation of the airfoil, an equivalent pitching angle is adopted, which is defined as the pitching angle of 
a rigid airfoil with same leading and trailing edge positions of the flexible airfoil. Considering that the 
length of plates does not change, the vertical coordinates’ difference reflects the equivalent pitching angle. 
Fig. 4 indicates that the equivalent pitching motion of a flexible plate (LE-TE, b/c=0.56×10-3) leads the 
plunging motion (position history of leading edge). This observation agrees with the experimental work of 
Heathcote and Gursul18.   
t/T
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Fig. 4 Time history of displacement differences of LE and TE coordinate (Re=9000, St=1.4, ha=0.194, 
b/c=0.56×10-3, b/c=1.41×10-3, b/c=4.23×10-3. LE: leading edge, TE: trailing edge). 
Fig. 5 further illustrates the effect of the equivalent pitching angle by presenting the effective angle of 
attack, which is based on the rigid airfoil’s instantaneous position in accordance with the combined free 
stream and plunging motion, and equivalent pitching angle vs. time. It indicates that as the airfoil becomes 
more flexible, the effective angle of attack is reduced by the equivalent pitching motion. This means that 
for a flexible airfoil, the lift fluctuation during a flapping cycle is smaller than for a rigid airfoil. Similar 
observations have been reported for fixed wing, where a flexible structure can smooth out the fluctuation in 
lift in a gusty free stream14,15.  



























Fig. 5  Time history of equivalent pitching angle and effective AOA  (Re=9000, St=1.4, ha=0.194, 
b/c=0.56×10-3, b/c=1.41×10-3, b/c=4.23×10-3). 
Fig. 6 presents the time history of the horizontal (thrust) and vertical (lift) force coefficients. It shows 




























Fig. 6 Time history of coefficients of horizontal and vertical force (Re=9000, St=1.4, ha=0.194, and 




Solid line–Equiv. pitching angle 









Fig. 7 presents the streamlines, pressure contours and surface pressure distributions around the airfoil 
with different thicknesses at the time instants indicated in Fig. 4. Overall, the fluid dynamics characteristics 
of all three cases are substantially the same. However, Fig. 6 shows that the horizontal force (thrust) on the 
thinnest plate is much larger than the two stiffer plates. It seems that the pitching motion resulting from the 
airfoil shape flexibility impacts the equivalent angle of attack, causing different projected horizontal and 
vertical areas, and correspondingly, different lift and thrust coefficients. To further study the interplay 
between similar flow field and different force coefficients exhibited by airfoils of different flexibility, a 
numerical experiment is conducted in the next section. 
 
a   b   c   d 
Fig. 7 Flowfield of the numerical results of three thickness plates (Re=9000, St=1.4, b/c=4.23×10-3 
(top), b/c=1.41×10-3(middle), b/c=0.56×10-3(lower)) and the pressure distribution on the airfoils 
(bottom) (in pressure distribution, solid lines (overlapped): b/c=4.23×10-3, b/c=1.41×10-3; dash line: 
b/c=0.56×10-3). 
 
B. Assessment of the Shape Change to the Aerodynamics with Prescribed Deformation 
To investigate the effect of the flexibility, a numerical experiment is conducted to study the effect of 
deformation at low Reynolds number at Re=100. Part of the reason to choose a lower Reynolds number 
here is to probe both the implications of the airfoil shape change on the aerodynamics, and the roles 
between pressure and viscous effects associated with a plunging airfoil. Specifically, the plunging 
amplitude is 0.194ah = , St=0.3. 0 0=α , 0aα =  and = / 2φ π . We set one case with prescribed 
deformation simulating the flexible airfoil and another one performing the same pitching and plunging 
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motion but with no shape change. The displacements of the trailing edges are set exactly the same in these 
two cases to test the difference in thrust generation (shown in Fig. 8). 
 
Fig. 8  Shapes at three time instants of the rigid airfoil performing plunging and pitching and 
prescribed deformation airfoil with only plunging. (red: rigid airfoil; blue: prescribed deformation 
airfoil) 
Fig. 9 presents the streamlines, pressure contours and pressure distribution at the airfoil surface at three 
time instants in the two cases. Similar to the previous cases presented in Fig. 7, the pressure distributions 
around the two airfoils at the same time are very comparable. Furthermore, at time instant (a), when the 
airfoil is plunging downward, the large pressure on the lower surface of the airfoil generate a horizontal 
component because the airfoil is pitching down and displays a substantial angle of attack. At time instant 
(b), the situation is reversed. As the airfoil is moving upward, the pressure on the upper surface is much 
larger than on the lower surface. The pressure generates a horizontal force component on the pitching up 
airfoil. At time instant (c), the pressure on the upper surface is larger than on the lower surface. As the 
airfoil is pitching down, backward horizontal component is generated, which explains that there is a small 
positive part in Cx time history.  
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(a)    (b)    (c) 
Fig. 9 Streamlines, pressure contours (upper two) and pressure distribution on the airfoil surface 
(bottom) of the corresponding time instants in Fig. 8 (P. D.: prescribed deformation). 
The forces acted on two airfoils are presented in Fig. 10. The computational results indicate that both 
rigid and the airfoil of prescribed deformation generate comparable forces. Both the forces in x- and y-
direction have same time history pattern. The force peak values are very close to each other in the two cases. 
Rigid pitching airfoil generates a little larger force in both x- and y- direction but not a qualitative 
difference. This indicates that deformation acted as a passive pitching motion. Considering that in the 
plunging motion the force acting on airfoil is dominant by pressure, the viscous force is negligible. Based 
on these two cases, one can further confirm the investigation done in the Re=9000 cases, that the 
differences in thrust largely reflect the differences in the equivalent pitching angle. At least for the range 
studied here, the detailed shape of an airfoil does not affect the thrust as much as the effective angle of 
attack.  To test this explanation, the y-component of the force is projected to x-direction based on the 
airfoil’s instantaneous pitching angle. The results are shown in Fig. 10. It is clear the projected results are 
very close to the simulation results, reflecting same time variation and the difference between prescribed 
deformation and rigid airfoil.    
 
 
Dash line: P. D. airfoil 
Solid line: rigid airfoil 
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Fig. 10 Numerical results of two comparison cases in study the thrust generation (P.D.: prescribed 
deformation). 
From the above discussion, it seems clear that in response to the aerodynamic loading, a flexible 
airfoil performs a passive pitching motion to change the effective angle of attack, causing noticeable 
differences in lift and thrust generation. Furthermore, as evidenced in the case study of the prescribed shape 
change, even at Re=100, in the plunging motion, the force acting on airfoil is dominated by pressure and 
the viscous force is of little impact on the overall aerodynamic outcome. Detailed airfoil shape is secondary 




    Navier-Stokes simulations are employed to research the fluid flow around the flexible plunging airfoils 
in incoming flow to observe fluid dynamic characteristics and the mechanism in generating thrust. The 
effect of airfoil flexibility is simulated by coupling a finite element structural solver using beam elements 
with the fluid solver. Prescribed deformation is used in investigation thrust generation mechanism. 
Investigation on the computational results indicates:  
1. Numerical simulation indicates that the flexible structure causes an equivalent pitching motion. The 
pitching motion decreases the effective angle of attack. The equivalent pitching motion has a phase angle 
ahead of the plunging motion, which is consistent with the experimental observation of Heathcote and 
Gursul18. 
2. In response to the aerodynamic loading, a flexible airfoil performs a passive pitching motion to change 
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3. Within the range of the flexibility considered, the flow fields are similar in all cases. Even at Re=100, in 
the plunging motion, the force acting on airfoil is dominated by pressure and the viscous force is of little 
impact on the overall lift and thrust generation. Detailed airfoil shape is secondary compared to the 
equivalent angle of attack.   
 
Based on the present effort, detailed comparison based on identical flow and structural parameters to those 
of Heathcote and Gursul18  will be conducted next and reported in the near future.  
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